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BOUNDING THE NUMBER OF VERTICES
IN THE DEGREE GRAPH OF A FINITE GROUP
ZEINAB AKHLAGHI, SILVIO DOLFI, EMANUELE PACIFICI, AND LUCIA SANUS
Abstract. Let G be a finite group, and let cd(G) denote the set of degrees of
the irreducible complex characters of G. The degree graph ∆(G) of G is defined
as the simple undirected graph whose vertex set V(G) consists of the prime
divisors of the numbers in cd(G), two distinct vertices p and q being adjacent
if and only if pq divides some number in cd(G). In this note, we provide an
upper bound on the size of V(G) in terms of the clique number ω(G) (i.e., the
maximum size of a subset of V(G) inducing a complete subgraph) of ∆(G).
Namely, we show that |V(G)| ≤ max{2ω(G) + 1, 3ω(G) − 4}. Examples are
given in order to show that the bound is best possible. This completes the
analysis carried out in [1] where the solvable case was treated, extends the
results in [3, 4, 9], and answers a question posed by the first author and H.P.
Tong-Viet in [4].
1. Introduction
The degree graph of a finite group G, that we denote by ∆(G), is defined as the
(simple undirected) prime graph related to the set cd(G) of the irreducible complex
character degrees of G. The vertex set V(G) of ∆(G) consists of all the prime
numbers that divide some d ∈ cd(G), and two distinct vertices p, q are adjacent in
∆(G) if and only if there exists d ∈ cd(G) such that the product pq divides d.
The properties of the graph ∆(G), as well as their connections with the algebraic
structure of the group G, have been object of investigation in the last few decades.
We refer to [7] for a survey on this topic.
One question that has been considered, concerns the existence of “large” com-
plete subgraphs (cliques) in ∆(G). Given a finite group G, let us denote by ω(G)
the clique number of ∆(G), that is, the maximum size of a subset in V(G) whose ele-
ments are pairwise adjacent in ∆(G). H.P. Tong-Viet proves in [9] that if ω(G) ≤ 2,
then |V(G)| ≤ 5; moreover, he classifies the groups G such that ω(G) = 2 and
|V(G)| = 5. Again Tong-Viet together with the first author prove that, if G is a
group with ω(G) ≤ 3, then |V(G)| is at most 7 ([4]); this bound is best possible in
general, but it is improved to 6 under the additional assumption that G is solvable.
In view of these results, the authors of [4] suggest that the inequality
(1) |V(G)| ≤ 2ω(G) + 1
should be true for any finite group G, whereas, for G solvable, |V(G)| ≤ 2ω(G)
should hold ([4, Conjecture 1]).
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The latter inequality, for the solvable case, was proved true in [1, Corollary B]
as a consequence of the fact that the vertex set of ∆(G) is covered by two suitable
subsets of V(G) inducing complete subgraphs. We remark here that the same is
not true without the solvability assumption; the smallest example is ∆(PSL2(4)),
that has three vertices and no edges. As regards the general case, a recent paper
([3]) provides some more evidence for Inequality (1), establishing that it holds also
for ω(G) = 4. Nevertheless, (1) turns out to be false in general, as shown by the
following example.
Example 1.1. Let Π = {uα11 , ..., u
αn
n } be a set of prime powers where every prime
ui is larger than 3. Assume that, for every i ∈ {1, ..., n}, we have |π(u
αi
i − 1) \
{2, 3}| = |π(uαii + 1) \ {2, 3}| = 1, and assume further that, for distinct r and s
in {1, ..., n}, the intersection of the sets {ur} ∪ π(u
2αr
r − 1) and {us} ∪ π(u
2αs
s − 1)
is {2, 3}. Now, setting GΠ = PSL2(u
α1
1 ) × · · · × PSL2(u
αn
n ), it is easy to see that
|V(GΠ)| = 3n+2 and ω(GΠ) = n+2, thus |V(GΠ)| = 2ω(GΠ)+n−2 = 3ω(GΠ)−4.
As a consequence, if n ≥ 4, Inequality (1) does not hold for the group GΠ.
Note that Π = {29, 67, 157, 227} is a set of four prime powers (in fact, of four
primes) satisfying the above conditions. This provides a counterexample to In-
equality (1) in which the number of vertices is 14, whereas the largest clique has
size 6.
We remark that, if it is possible to find sets Πn as in Example 1.1 having arbi-
trarily large size n, then the ratio |V(GΠn)|/ω(GΠn) would converge to 3 as n tends
to infinity (for instance, in the set of all prime numbers up to 106, there exists a
subset Π satisfying the relevant conditions, with |Π| = 15615; for the group GΠ
constructed as in Example 1.1, we thus have that |V(GΠ)|/ω(GΠ) is larger than
2.999); this leads us to conjecture that for every positive real number ǫ, there exists
a group G such that |V(G)|/ω(G) > 3 − ǫ. In fact, in [6], the authors estimate
the asymptotic density of one particular set of primes B, whose infinitude yields
the existence of a set Πn as above for every n ∈ N; a consequence of their work
is that B is actually infinite, assuming a generalized form of the Hardy-Littlewood
conjecture.
On the other hand, as the main result of this note, we prove:
Theorem A. Let G be a finite group. Then the following conclusions hold.
(a) If ω(G) ≤ 5, then |V(G)| ≤ 2ω(G) + 1.
(b) If ω(G) ≥ 5, then |V(G)| ≤ 3ω(G)− 4.
(In other words, for every finite group G, we have that |V(G)| is bounded above by
the largest number among 2ω(G) + 1 and 3ω(G)− 4; note that these two numbers
match at the value 11 for ω(G) = 5.) In view of Example 1.1 and of the comments
following it, this bound is best possible. Also, our proof of Theorem A(a) provides a
shorter argument for the theorems of [3, 4, 9], in which Inequality (1) is established
for ω(G) ≤ 4, and extends that analysis by showing that (1) holds for ω(G) = 5 as
well.
A key ingredient in our proof of Theorem A is the main theorem of [2], which
provides some detailed structural information concerning finite groups G such that
|V(G)| ≤ 2ω(G) does not hold. The part of this information that is relevant for our
purposes is gathered in Proposition 2.4.
Finally, in the following discussion every group is assumed to be finite, and the
classification of finite simple groups is involved (via the main theorem of [2]).
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2. The results
We start by recalling some facts concerning the degree graph of non-solvable
groups.
Lemma 2.1. Let S ≃ PSL2(u
α) or S ≃ SL2(u
α), where u is a prime and α ≥ 1.
Let π+ = π(u
α + 1) and π− = π(u
α − 1). For a subset π of vertices of ∆(S), we
denote by ∆π the subgraph of ∆ = ∆(S) induced by the subset π.
(a) If u = 2, then ∆(S) has three connected components, {u}, ∆π+ and ∆π− , and
each of them is a complete graph.
(b) If u > 2 and uα > 5, then ∆(S) has two connected components, {u} and
∆π+∪π− ; also, both ∆π+ and ∆π− are complete graphs, no vertex in π+ \ {2}
is adjacent to any vertex in π− \ {2}, and 2 is adjacent to all other vertices in
∆π+∪π− .
Proof. It is well known (see for instance [5, Theorems 38.1, 38.2]) that, for α ≥ 2,
cd(SL2(2
α)) = cd(PSL2(2
α)) = {1, 2α − 1, 2α, 2α + 1},
and that, for u 6= 2 and uα > 5,
cd(PSL2(u
α)) = {1, uα − 1, uα, uα + 1,
1
2
(uα + ǫ)} where ǫ = (−1)
u
α
−1
2 ,
cd(SL2(u
α)) = {1, uα − 1, uα, uα + 1,
1
2
(uα + ǫ)} where ǫ = ±1
(while cd(PSL2(5)) = {1, 3, 4, 5} and cd(SL2(5)) = {1, 2, 3, 4, 5, 6}).
Lemma 2.2. Let G be an almost-simple group with socle S ≃ PSL2(u
α), where u
is a prime. Let s 6= u be a prime divisor of |G/S|; then the following conclusions
hold.
(a) The prime s is adjacent in ∆(G) to every prime in π(u2α − 1).
(b) The prime s is adjacent in ∆(G) to every prime in π(G) \ π(S).
(c) The set of vertices V(G) \ {u} is covered by two complete subgraphs of ∆(G).
Proof. Part (a) follows from Theorem A of [10]. Brauer Permutation Lemma,
with [8, Proposition 2.6] and [8, Lemma 2.10], yields (b). Finally, (c) is a conse-
quence of (a), (b) and Lemma 2.1.
Lemma 2.3. Let G be a group, M a non-abelian minimal normal subgroup of G
and C = CG(M). Then the following conclusions hold.
(a) If q is a prime divisor of |G/MC| and q does not divide |M |, then there exists
θ ∈ Irr(M) such that q divides |G : IG(θ)|.
(b) If q is a prime divisor of |G/C|, then there exists θ ∈ Irr(M) such that q divides
χ(1) for all χ ∈ Irr(G|θ).
(c) If M is not a simple group, then ∆(G/C) is a complete graph.
Proof. See [2, Proposition 2.6].
As mentioned in the Introduction, the next result (which depends on Theorem A
of [2]) will be crucial in the proof of the main result of this paper. In the following
statement, by ∆(G) we denote the complement of the graph ∆(G): this is the graph
whose vertex set is the same as of ∆(G), and two vertices are adjacent in ∆(G) if
and only if they are not adjacent in ∆(G). We list here some key properties of the
groups whose complement degree graph ∆(G) is not bipartite.
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Proposition 2.4. Let G be a group.
(a) Assume that there exists π ⊆ V(G), with |π| an odd number larger than 1, such
that π is the set of vertices of a cycle in ∆(G). Then there exists a characteristic
subgroup N of G, with π ⊆ π(N), such that N is a 2-dimensional special or
projective special linear group over a finite field F, with F ≥ 4.
(b) Let N E G be such that N is isomorphic either to PSL2(u
α) or to SL2(u
α),
where uα ≥ 4 is a prime power. Then |CG(N)∩N | ≤ 2, and the prime divisors
of |G/NCG(N)| are adjacent in ∆(G) to all primes in V(N) \ {u}.
(c) Let K be any (non-empty) set of normal subgroups of G as in (b) (with possibly
different values of uα), and define K as the product of all the subgroups in
K; also, set C = CG(K). Then every prime t in V(C) is adjacent in ∆(G)
to all the primes q (different from t) in |G/C|, with the possible exception of
(t, q) = (2, u) when |K| = 1, K ≃ SL2(u
α) for some u 6= 2 and Z(K) = P ′ for
P ∈ Syl2(C). In any case, we have
V(G) = V(G/C) ∪V(C).
Proof. Parts (a) and (b) follow immediately from [2, Theorem A] and Lemma 2.2(a),
respectively.
As for Part (c), let t be a vertex of ∆(C), and let q 6= t be in π(G/C). Since
C =
⋂
CG(N) where N runs in K, there exists N1 ∈ K such that q is a divisor
of |G/CG(N1)|. Moreover, C is a normal subgroup of C1 = CG(N1), thus t is
certainly a vertex of ∆(C1) as well. Set Z1 = Z(N1), and assume for the moment
that t is in fact a vertex of ∆(C1/Z1) (which is easily seen to be true whenever t is
odd, as Z1 is a 2-group). In this situation, let φ ∈ Irr(C1/Z1) be such that φ(1) is
divisible by t. If q is in π(N1C1/C1), then we can consider θ ∈ Irr(N1/Z1) whose
degree is divisible by q, and every χ ∈ Irr(G | φ ·θ) will be such that qt divides χ(1).
On the other hand, if q is not in π(N1C1/C1), then we can choose θ ∈ Irr(N1/Z1)
as in Lemma 2.3(a) and, as above, any χ ∈ Irr(G | φ · θ) will do.
Let us now assume that t ∈ V(C1) \V(C1/Z1); then, as observed, we have t = 2,
and clearly also Z1 6= 1 (which implies that the characteristic u1 of N1 is odd).
In this case, we see (using Lemma 2.1 and Lemma 2.2) that t and q are already
adjacent in ∆(G/C1) unless possibly when q = u1. However, if {N1, ..., Nℓ} is a
subset of K of the smallest possible size such thatK = N1 ·N2 · · ·Nℓ, then it is easily
seen that K/Z(K) is isomorphic to the direct product N1/Z(N1)×· · ·×Nℓ/Z(Nℓ);
we deduce that 2 is certainly adjacent in ∆(K/Z(K)) (thus in ∆(G)) to all odd
prime divisors of |K|, including u1, unless ℓ = 1. Note that, in this situation, we
have K = N1, C = C1, and Z(K) = Z1. If P is a Sylow 2-subgroup of C, then
|P ′| = 2 as 2 6∈ V(C/Z(K)) and |Z(K)| = 2. Since 2 ∈ V(C), it follows that
Z(K) = P ′, as wanted.
Finally, we consider the last claim of Part (c). Let t be in V(G). If t is a divisor
of |G/C|, then, as above, t divides |G/CG(N1)| for some N1 ∈ K; as a consequence,
t lies in V(G/CG(N1)) ⊆ V(G/C). But if t is not a divisor of |G/C|, then a Sylow
t-subgroup T of G lies in C; this T cannot be abelian and normal in C (as otherwise
it would be normal in G, contradicting the fact that t is a vertex of ∆(G)), thus t
lies in V(C).
We remark that the exception mentioned in part (c) of Proposition 2.4 does in
fact occur. Namely, if G is the central product of SL2(5) and the quaternion group
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Q8, then cd(G) = {1, 3, 4, 5, 8, 12}, so 2 ∈ V(C), where C = Q8, is not adjacent to
the vertex 5 in ∆(G).
We can now prove Theorem A, that we state again.
Theorem A. Let G be a group. Then the following conclusions hold.
(a) If ω(G) ≤ 5, then |V(G)| ≤ 2ω(G) + 1.
(b) If ω(G) ≥ 5, then |V(G)| ≤ 3ω(G)− 4.
Proof of (a). If ∆(G) has no cycles of odd length, then it is a bipartite graph, so
there are two cliques in ∆(G) which cover together all the elements in V(G) and
we are done.
We can therefore assume that there are cycles of odd length in ∆(G). Thus, by
Proposition 2.4(a), the set K of all normal subgroups of G that are 2-dimensional
special or projective special linear groups over a finite field F (with F ≥ 4) is non-
empty, and we can define K as the product of all the subgroups in K. Let us fix
a subset {N1, ..., Nℓ} of K such that K/Z(K) ≃ N1/Z(N1) × · · · × Nℓ/Z(Nℓ).
For i ∈ {1, ..., ℓ}, set Ci = CG(Ni), and let u
αi
i be a prime power such that
Ni/Z(Ni) ≃ PSL2(u
αi
i ). Also, set C = CG(K).
We proceed by induction on the order of the group. First, we reduce to the case
C = 1. As obviously C does not have any characteristic subgroup isomorphic to
a 2-dimensional special or projective special linear group over a finite field with
at least four elements, Proposition 2.4(a) ensures that ∆(C) is a bipartite graph,
whence there exist two cliques in ∆(C) which cover all the elements of V(C); in
particular, |V(C) \V(G/C)| ≤ 2ω, where ω is the maximum size of a clique in the
subgraph of ∆(C) induced by V(C) \V(G/C). Hence, observing that ω(G/C) ≤ 5,
assuming C 6= 1 yields by induction |V(G/C)| ≤ 2ω(G/C)+ 1, and we deduce that
|V(G)| ≤ 2(ω + ω(G/C)) + 1 ≤ 2ω(G) + 1 by an application of Proposition 2.4(c)
(observe that the possible exception discussed in Proposition 2.4(c) is not relevant
here; in fact, when K = N1 and u1 6= 2, a clique of ∆(G/C) having maximal size
does not involve u1). Thus, we assume that C = 1; then, in particular, Z(K) is
trivial and so are the subgroups Z(Ni) for all i ∈ {1, ..., ℓ}.
In view of the last observation in the above paragraph, Proposition 2.4(c) yields
that all the primes in V(Ci) are adjacent to all the prime divisors of the almost
simple group (with socle PSL2(u
αi
i )) G/Ci. We can assume that ℓ ≥ 2, as otherwise
G is an almost simple group whose socle is isomorphic to PSL2(u
α) for some uα ≥ 4,
and Lemma 2.2(c) yields |V(G)| ≤ 2ω(G) + 1.
We claim that we can reduce to the situation when, for every i ∈ {1, ..., ℓ}, we
have:
(1) ui 6∈ V(Ci), and
(2) neither π(uαii − 1) nor π(u
αi
i + 1) is contained in V(Ci).
In fact, as ω(Ci) is clearly at most 5, induction yields |V(Ci)| ≤ 2ω(Ci) + 1; more-
over, by Lemma 2.2(c) three cliques of ∆(G/Ci) are enough to cover all the vertices
in V(G/Ci). But if we assume the contrary of either (1) or (2), then in fact two
cliques of ∆(G/Ci) cover all the vertices in V(G/Ci) \ V(Ci); thus, if ω is the
clique number of the subgraph of ∆(G/Ci) induced by V(G/Ci) \ V(Ci), we get
|V(G/Ci) \V(Ci)| ≤ 2ω. Therefore, we obtain
|V(G)| = |V(G/Ci) ∪ V(Ci)| ≤ 2(ω(Ci) + ω) + 1 ≤ 2ω(G) + 1,
and we are done.
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As a consequence, the Ni have pairwise distinct characteristics (by (1)), that is
ui 6= uj for 1 ≤ i 6= j ≤ ℓ, and ui 6= 2, 3 for all 1 ≤ i ≤ ℓ.
Assume then ℓ = 2. Then both C1 and G/C1 are almost-simple groups (with
socle isomorphic, respectively, to PSL2(u
α2
2 ) and PSL2(u
α1
1 )). By Lemma 2.2, the
primes in V(C1) \ {u2} are covered by two cliques of ∆(C1) which intersect at
least in the vertex 2, so |V(C1)| ≤ 2ω(C1). On the other hand, also the primes
in V(G/C1) \ {u1} are covered by two cliques in ∆(G/C1) (and hence in ∆(G)).
Hence, it follows that |V(G/C1) \V(C1)| ≤ 2ω0 + 1 where ω0 is the clique number
of the subgraph of ∆(G/C1) induced by the set of vertices V(G/C1) \ V(C1). As
all the primes in V(C1) are adjacent to all the primes in V(G/C1), we get |V(G)| ≤
2ω(G) + 1.
We can hence assume that ℓ is at least 3. As ui 6= 2, for all i ∈ {1, . . . , ℓ}
we have that {2, 3} lies in π∗i , where π
∗
i is either π(u
αi
i + 1) or π(u
αi
i − 1). Note
that Cj contains Ni for all j 6= i, so {2, 3} lies in π(Cj) for every j ∈ {1, ..., ℓ}.
Recalling (2), we deduce that there exists a prime pi ∈ π
∗
i , pi 6= 2, 3, and hence
ω(Ni) ≥ 3. If a set V1 of four primes in (say) V(N1) induces a clique in ∆(N1),
then the set V1 ∪{u2, u3} would induce a clique in ∆(G), a contradiction; the same
of course holds for any Ni. Therefore, we have ω(Ni) = 3 for all i ∈ {1, . . . , ℓ}, and
π∗i = {2, 3, pi}. Arguing along the same line, we deduce that ℓ = 3 and ω(G) = 5.
Also, only the clique of ∆(N1) containing {2, 3} can have three vertices. In
fact, if (say) {2, q1, s1} induces a clique in ∆(N1) with 3 6∈ {q1, s1}, we would
have {q1, s1, 2, 3, u2, u3} inducing a clique in ∆(G); the same of course holds for
N2 and N3. Recalling (2), a clear consequence of this fact is that |V(Ni)| = 5 for
i ∈ {1, 2, 3}; moreover, we have V(Ni) ∩ V(Nj) = {2, 3} whenever i 6= j.
Finally, we have V(G/Ci) = V(Ni) for i ∈ {1, 2, 3} as well. Namely, if (say)
V(G/C1) has an element r which is not in V(N1), then {2, 3, p1, r, u2, u3} would
induce a clique in ∆(G).
As a consequence, we have V(G) = V(N1 × N2 × N3) and hence by induction
we may assume G = N1 ×N2 ×N3. This implies that |V(G)| = 5 + 3 + 3 = 11 =
2ω(G) + 1, and the proof is complete.
Proof of (b). Let G be a counterexample of minimal order to the statement; as the
conclusions in (a) and (b) coincide for ω(G) = 5, we have ω(G) ≥ 6. Moreover,
as in (a), the graph ∆(G) must have cycles of odd length, whence there exists a
subgroup N of G as in the conclusion of Proposition 2.4(a).
Set C = CG(N), and define ω to be the maximum size of a clique in the subgraph
of ∆(G/C) induced by V(G/C) \ V(C); recalling Lemma 2.1 and Proposition 2.2,
we see that |V(G/C) \ V(C)| ≤ 2ω + 1. Moreover, we have |V(C)| ≤ 2ω(C) + 1 if
ω(C) ≤ 5 and, by the minimality of G, |V(C)| ≤ 3ω(C)− 4 if ω(C) ≥ 5. Note that
ω cannot be 0, as otherwise (by Proposition 2.4(c)) we would have V(G) = V(C),
and the previous inequalities would produce an immediate contradiction.
Assuming that we are in the case ω(C) ≤ 5, Proposition 2.4(c) yields |V(G)| ≤
2(ω + ω(C)) + 2. Now, if ω + ω(C) ≤ 5, we get |V(G)| ≤ 12 < 14 ≤ 3ω(G) − 4,
and G is not a counterexample; on the other hand, if ω + ω(C) ≥ 6, then V(G) ≤
2(ω + ω(C)) + 2 ≤ 3(ω + ω(C))− 4 ≤ 3ω(G)− 4, again a contradiction.
Thus, we must have ω(C) ≥ 5. But then we get
|V(G)| ≤ (2ω + 1) + (3ω(C)− 4) ≤ 3(ω + ω(C))− 4 ≤ 3ω(G)− 4,
the final contradiction that completes the proof.
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